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For the majority of species, per capita growth rate correlates negatively with
population density. Although the popular logistic equation for the growth of a
single species incorporates this intraspecific competition, multi-trophic models
often ignore self-limitation of the consumers. Instead, these models often assume
that the predator—prey interactions are purely exploitative, employing simple
Lotka—\Volterra forms in which consumer species lack intraspecific competition
terms. Here we show that intraspecific interference competition can account
for the stable coexistence of many consumer species on a single resource in a
homogeneous environment. In addition, our work suggests a potential mechanism
for field observations demonstrating that habitat area and resource productivity
strongly positively correlate to biodiversity. In the special case of a modified
Lotka—Volterra model describing multiple predators competing for a single
resource, we present an ordering procedure that determines the deterministic fate
of each specific consumer. Moreover, we find that the growth rate of a resource
species is proportional to the maximum number of consumer species that resource
can support. In the limiting case, when the resource growth rate is infinite, a model
with intraspecific interference reduces to the conventional Lotka—\Volterra com-
petition model where there can be an unlimited number of coexisting consumers.
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This highlights the crucial role that resource growth rates may play in promoting
coexistence of consumer species.

(© 2003 Society for Mathematical Biology. Published by Elsevier Science Ltd. All
rights reserved.

1. INTRODUCTION

Many previous modeling efforts led to the development of the so-called compe-
titive exclusion principle (CEP), one of the oldest and most intriguing paradigms
in community ecology. The CEP states that at mosspecies can coexist
onn resources\olterra, 1926 Hardin, 1960; MacArthur and Levins, 1964; Leyin
1970; Abrams, 1980; Grover, 1997 These coexistence results stem from the
mathematically convenient assumption that consumers neither interact nor interfere
with each other directly. Although mathematically rigorous, the above formulation
of the CEP fails to answer the basic question of the existence of biodiversity.

Advances in theoretical ecology have identified various mechanisms that promo-
te coexistence, demonstrating that the above formulation of the CEP is too restric-
tive. Modified CEPs have been proposé\(in, 1970; Armstrong and McGehee,
1980; Loladzeet al., 2003 that make different assumptions about the nature of
consumer limitation. It is also well known that for models that explicitly consider
resources, the coexistencerokpecies on fewer tham resources is possible via
internally produced limit cycles or chaotic fluctuatiodgrstrong and McGehee,
1976, 1980; Huisman and Weissing, 1999ther factors such as spatial heteroge-
neity (Tilman, 1994; Neuhauser, 1998; Kinzigal., 1999 or temporal heteroge-
neity (Hsuet al., 1981), chaotic advection in aquatic systerks(olyi et al., 2000,
disturbance Hlastings, 1980; Abrams, 1984 alirect interference between consu-
mers given constant or consumer-dependent resource input kéese( 1984,
1985, and stoichiometric principlesLéladzeet al., 2003 provide mechanisms
that enhance coexistence. Although these mechanisms may promote biodiversity,
mathematical efforts thus far suggest that they can typically only add one or just
a few more coexisting consumer species for each explicitly modeled resource
species flsuet al., 1981; Li and Smith, 2002 Computational efforts show that
many more species may coexist in a fluctuating environment setting with at least
three resources Afmstrong and McGehee, 1976; Huisman and Weissing, 1999,
2000, 200). Other relevant work deals with the impact of food web connectivity
on the biodiversity and stability of ecosystemdcCannet al., 1998; McCann,
2000. Despite these advances, our knowledge still falls short of explaining the
vast biodiversity we witness in Naturelgtchinson, 1961; Levin, 1999

As May (2001,pp. 80-8) points out the logistic, Gompertz and other equations
that theoretically capture self-limitation of a resource have stabilizing effects on
consumer-resource interactions. Moreover, May ditemeis (1966)review that
provides empirical support for negative density dependence: of 71 species for
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which adequate data were available, 46 had a significant negative correlation
between population density and per capita growth rate, 15 had negative but not
significant correlations, seven had no correlations, whereas only one (humans)
had a significant positive correlation. A recent stutifyérset al., 1995 shows

that direct intraspecific competition or intraspecific interference involving negative
density dependence appears prevalent in fish populations. Moreover, a comparison
of various predator—prey models with experimental data suggests that incorporating
intraspecific competition dramatically improves model fits to some well documen-
ted experimental datad@rrison, 199%

Within a population of consumers, intraspecific interference can involve a variety
of behavioral mechanisms. Ranked in order of increasing intensity, these can
include aggressive displays and posturing, fighting, and intraspecific killing (e.qg.,
infanticide) and cannibalisn0x, 1975; Krebs and Davies, 198When the prin-
cipal effect of the intraspecific interference is a reduced rate of feeding or resource
intake, the effects are probably best modeled via an altered functional response for
the consumer BeAngeliset al., 1975; Cosneet al., 1999; Skalski and Gilliam
2001). However, even adaptive foraging can lead to intraspecific interference
(Abrams, 1984h In contrast, when lethal fighting or cannibalism occurs, itis more
appropriate to build a model in which the dynamics include an additional mortality
or loss term for the consumer. Even if the effect is a gradual one, such as when
premature death results from wounding or the devotion of substantial energetic
resources to aggressive behaviors, it may be appropriate to include a mortality or
loss term to capture the wastage effect. The effects of such lethal intraspecific
interference will likely be positively density dependent, reflecting the greater
potential for intraspecific aggression as individuals become more crowipdly.
Furthermore, although we do not discuss it in depth here, direct interference
competition resulting in mortality can also occur between spe@esant (1998)
documents cases of interspecific interference among African carnivores, specifica-
lly the killing of cheetah cubs by lions and hyaena$annerfeldtet al. (2002)
discuss similar dynamics between fox species.

Although the popular logistic growth equatiox/ (t)/x(t) =r (1 — x(t)/K)) for
single species incorporates this intraspecific competition, it is often overlooked in
literature when modeling species at higher trophic levels, where such competition
may also be prevalent. Specifically, most mathematical modelers, due to the lack
of experimental data and the desire to make models tractable, hastily assume that
competition within consumer species is purely exploitative, ignoring contributions
of direct or indirect interference. Exceptions to this include a chemostat-type
competition model with nutrient recycling Ruan and He (1998a general model
of two predators competing for a prey Wyarkas and Freedman (198%nd a
predator—prey model bgavani and Farkas (1994)

In this paper, we show that intraspecific competition modeled as direct inter-
ference at the consumer level can provide for the stable coexistence of many
species on few resources. In the special case of Lotka—\Volterra type interactions,
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Figure 1. Direct interference resulting in mortality for three species of consumers. In
the top figure, survivorship of planthoppers decreases with increasing density due to the
effects of intraspecific interference mediated indirectly via plant tissue quality [redrawn
from Denno and Roderick (1992)]. In the middle figure, the adults of the whitefly para-
sitioid Encarsia sophia engage in ‘host feeding' [redrawn from Jervis and Kidd (1986)],
killing conspecific juveniles when they attack previously parasitized whitefly hosts
(Collier and Hunter, 2001). In the bottom figure, direct interference within a population
of soil isopods occurs via cannibalism, which increases with increasing density [redrawn
from Grosholz (1992)].

this conclusion is mathematically well known and is reported in many imp-
ortant references [Case and Gilpin (1974), Goh (1977), Case and Casten (1979),
Abrams (1984b, 1986, 1987, 1998, 2001); al these references argued that intra-
specific interference is common]. Although it is argued that spatial heterogeneity
and dispersion can mediate the coexistence of an unlimited number of consumers
on as few as a single resource (Tilman, 1994), intraspecific interference compe-
tition provides a powerful mechanism for species coexistence in more spatially
homogeneous situations. We also confirm that resource species growth rates play
an important role in sustaining such coexistence. In the specia case of modified
L otka—Volterra models, wefind that the resource growth rate isalmost proportional
to the maximum number of consumer species supportable by a single resource.
This novel result suggests that resource growth rates may play even greater roles
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than habitat areain promoting coexistence of consumer species. We note here that
our result is complementary to the work of Lehman and Tilman (2000) where the
authors show through several models that greater diversity increases the temporal
stability of the entire community and increases community productivity.

2. THE MODEL AND ITSIMPLICATIONS

We consider the simple scenario with n consumer (or predator) species y;, i =
1, ...,n, (y; represents the total biomass of ith consumer species in the model
below) competing for a single limited resource (or prey) x (which stands for
the total resource biomass in the model below) in a closed and homogeneous
environment. The following model is a generalization of the Gause-type predator—
prey model (Freedman, 1980),

n
X'(1) = xg(¥) — Y %ipi(0), K > x(0 >0,
=t n (2.1)
Yiit) =V (Ci pi(X) —di —myy; — Zmiij), yi (0) > 0,
j#
i =1 2,...,n. All parametersin (2.1) are nonnegative. Here g(x) isthe resource

per capita growth rate in the absence of predators. It often takes the form of
1 — x/K, where K is the carrying capacity. The predator’s functional response
pi (X) often takes the form of pix, or sXx/(1+ aX). ¢ isthe conversion efficiency
of consumer y;, and d; represents consumer y;'s constant death rate. m; > 0
measures the consumer y;’s direct interference with each other, or the so-caled
intraspecific competition strength that induces additional per capita mortality or
loss rate m;jy;. We may interpret m; not only as mortality but more generaly as
aloss term. For example, aggressive behavior leads to biomass loss due to higher
respiration even if no increased mortality follows. It is the presence of this term
that reflects the negative correlation between density and per capita growth rate
observed in empirical studies.

In general, direct interspecific competition may also be present. To incorporate
such competition, we assume that the direct interspecific effect from consumer
species y; inflicts an additional death or loss rate on consumer species y; by
approximately my;y;. For example, stoichiometric models (Loladze et al., 2000,
2003) with linear functional responses yield both intraspecific and interspecific
competition terms exactly as in model (2.1) due to indirect competition of con-
sumers for some limiting nutrient. It is often observed that consumers interfere
with potential competitors from other species. This effect is especialy true when
the competitors are predatory and different in size. When interference becomes
lethal such a scenario connects strongly with the ideas of ‘intra-guild predation’
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and ‘ size-dependent predation’, both of which are heavily referenced in ecological
journas [e.g., Holt and Polis (1997), Tannerfeldt et al. (2002)].
For mathematical simplicity and convenience, we assume below that

(A1): Functionsg(x) and pi(x),i = 1,..., narecontinuoudly differentiable, and
pi(x) > 0, p'(x) > Ofor x > 0.

From standard differential equation theory (Hale, 1980), the solution of (2.1) is
unique and will stay positive for t > 0. To conform to the general form of single
species growth dynamics, we aso assume that

(A2): Thereisapositive constant K (the carrying capacity of the resource species)
such that g(x) > Ofor x € [0, K) and g(x) < Ofor x > K.

Itiseasy toseethatif n > 2andm; =0, m;; = 0,i, j =1,..., n,thenmodel (2.1)
cannot possess any positive steady state, since it is amost impossible that any
positive constant, x*, satisfies¢ipi(X) — di = 0,i = 1,...,n simultaneoudly.

When the parameters ¢; and d; are chosen at random, then with probability one, no
two or more of these conditions are simultaneously satisfied. This implies that at
most one consumer species can persist. Thisis the essence of the CEP when there
isonly one resource and no consumer intraspecific competitions.

In the following, we denote by E* = (x*, yj, ..., Y;) apossible steady state of
model (2.1).

In the limiting case, when the resource growth rate is infinite, one can regard
the resource level as staying at the equilibrium level, i.e, x(t) = x*. In such
a case, the model (2.1) reduces to the conventional Lotka—\Volterra competition
model, where any number of consumer species can coexist (Strobeck, 1973).
Such a scenario occurs when the intraspecific competition force (measured by the
intraspecific coefficient) of each speciesislarger than the sum of all itsinterspecific
competition forces, i.e,, mj > ZT i Mij. Thus, our theoretical model provides a
bridge to popular, but highly artificial, competition models that do not explicitly
model resource dynamics. In short, high growth rate promotes biodiversity and the
idealized infinite resource growth rate results in a competition model that enables
the coexistence of unlimited competing species.

Letemj = m;, i = 1,...,n. For convenience, we define M = (Mjj)nxn,
Yy =01 Y5, Yp), and

P(X) = (P1(X), P2(X), ..., Pa(X)),
g(X) = (C1p1(X) — dy, CaP2a(X) — o, ..., CrPn(X) — dn).

Assume that M isinvertible. Then

X*g(x*) = Y Mlq(x*) p(x"),

i=1
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and
y" = Ma(x").
Ifmij =0,i # j,then
"1
X*g(x*) = Z — P (X)) (G pr (x*) —dh), (2.2)
i=1
and
y© = (G pi(X*) —d)/m. (2.3)

If x* >0andy* > 0,i = 1,2,...,n, then E* isa positive steady state. Let xP
be the ‘break-even’ prey biomass for predator y;, where the birth rate and density-
independent death rate are equal. Specificaly,

G pi(xP) =d.

With x(0) € (0, K), astandard comparison argument shows that x(t) € (0, K) for
adlt > 0. Mathematicaly, even if x(0) > K, it can be shown that x(t) € (0, K)
for larget > O aslong as a least one predator’s break-even prey biomass is less
than the carrying capacity. It is also easy to see that if x? > K, then y/(t) < 0 and
hence predator y; will die out. Thisis equivaent to:

Proposition 2.1. If a predator’s break-even prey biomass is greater than the
carrying capacity of the resource species, then the predator will go extinct.

A straightforward implication of this proposition isthat if we increase the carrying
capacity K (which is often referred to measure the size or quality of the habitat),
then more species will have their break-even prey biomasses fall below K. This
enhances the likelihood that some of them will persist. In short, an increase in the
resource carrying capacity K promotes biodiversity at the consumer level.

In light of the above proposition, we assume in the rest of this paper that all
predators’ break-even prey biomasses are less than the carrying capacity of the
resource species. Let

Xv = max{x’ i =1,2,...,n}, Xm=min{x" i =12...,n}. (24

Then it can be shown that X, < X* < Xy.

In the following theorem, we present a simple sufficient condition for E* to be
locally attractive if it exists and is positive (i.e., al its components are positive).
The condition (2.5) roughly means that the weighted intraspecific competition
effect of each consumer species dominates half of the weighted total interspecific
competition effects to and from other consumer species [when p(x) = px,
(2.5) becomes 2m; > YU mi; + Y_1i(ci/cj)mj;]. This condition is easily
satisfied if interspecific competition effects are weak in comparison to intraspecific
competition effects.
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Theorem 2.1. Assume that (2.1) has a positive steady state E*, m;; > 0, and

PO [ - | e Mip(x)
op (Zm, Zm,) Z—Cj o7 > 0. (2.5)

A A

Assume further that

Xg'(X) + 9O — > ¥ p (X)) = —a < 0. (2.6)

i=1
Then E* islocally attractive (i.e., all positive solutions near E* tend to E*).

The following are some important and direct biologica implications of
Theorem 2.1.

1. If there is no direct interspecific competition among consumer species, then
condition (2.5) holds naturaly. In this case, if W&:X* < 0, then
from eguation (2.6), it follows that E* is stable if it is positive. Notice that
thx* < 0 means that the resource species endures self-limitation at
itsequilibrium biomass. Thisis equivalent to the simple geometric criterion:
if at x*, the net growth rate function (xg(x)) of the prey has a negative slope,
then E* is localy stable. If xg(x) has only one hump, then E* is stable
if x* islocated at the right-hand side of the hump. It is easy to see that
E* remains stable even if x* is dightly to the left-hand side of this hump
(Rosenzweig and MacArthur, 1963).

2. The above theorem, equations (2.3) and (2.6) suggest that intraspecific
competition of consumers makes positive multi-species equilibrium feasible,
while intraspecific competition of the resource promotes the stability of such
an equilibrium. Hence, stabilizing properties of intraspecific limitation can
provide a simple explanation to the fact that the majority of populations in
nature do not oscillate persistently (Krukonis and Schaffer, 1991; Kendall
et al., 1998, 1999).

Figure 2 illustrates a solution of model (2.1) with n = 4, which clearly tends to
a stable positive steady state E*.

Thegenera qualitative dynamics of model (2.1) are complicated even when there
is only one consumer. In this case the model reduces to

{X'(t) = Xg(X) — yp(x), x(0) > 0, @2.7)

y'(t) = y(cp(x) —d —my), y(0) > 0.

If the prey grows logistically and the predator exhibits a Holling type 11 functional
response such that g(x) = 1 — x/K and p(x) = sx/(1 + ax), then (2.7) becomes

{x’(t) =X(1—x/K) —ysx/(1+ax), x(0) >0,

y'(t) = y(csx/(1 + ax) —d — my), y(0) > 0. (28)
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16 Stable coexistence of four consumers on one resource for (2.1)
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Figure 2. A solution of (2.1) with g(x) = 1 — x/K and pi(x) = pix/(1 + aXx),

i=212...,nnHeen=4,r =5K =25 p; =1 p =2 p3 =15 ps =18,

di =2,dp) =1,d3 =18,dg =15 m; =07, m = 0.8, m3 =091 my =1,

=3, cp=1c3=2c4=15a =0.24, ap =0.22, a3 = 0.26, a4 = 0.28 and initial

condition (0.2, 1, 0.8, 0.6, 0.4). This solution tends to a stable positive steady state.

System (2.8) is called the Bazykin model (Bazykin et al., 1998; Kuznetsov, 1998,
p. 325). Short of chaotic dynamics, the Bazykin moddl is capable of generating
very complicated and intriguing dynamics. For example, it may have three positive
steady states and several limit cycles, and it may undergo several codimension 2
bifurcations and generate a large homoclinic loop. Indeed, many mathematical
guestions on the qualitative properties of the model remain open (Hwang and
Kuang, 2002). An in-depth mathematical treatment of the full model will undoub-
tedly require much more technical effort and will be pursued separately. If m =0
in (2.8), thenitisthewell studied conventional Holling typell predator—prey model
(Kuang, 1990). For this technical reason, we study in detail in the next section the
simple case of (2.1) when p; (x) takes the form of pix and g(x) = r(1 — x/K).
For this specia Lotka—\Volterra situation, we present an almost complete global
qualitative analysis and point out some important biological implications. More
genera and in-depth comments on model (2.1) will be given in the discussion
section.

3. LOTKA-VOLTERRA TYPE MODEL AND ITSIMPLICATIONS

In this section, we assume that in (2.1), g(x) = r(1 — x/K) and pj(x) = piX.
In addition, we assume that effects of interspecific competition are negligible, i.e.,
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m;; = 0,i # J. Thisresultsin the following L otka-Volterra type model

X() =rx(L-x/K) =) pyix. x(©) >0,

— (3.2
Yi(t) = yi(Gpix —d —myy), yi(0) > 0,
i =1,2, ..., n. If apositive steady state exists, then it must be unique and
K+KY", pdm™?
xr = (KEK i pdm (32)
r+ K>, piam
Inordertohavey* > 0,i = 1,...,n,itisnecessary that
* di b .
X* > — =X/, i=212...,n. (3.3
G b

Inequality (3.3) is equivalent to the assumption that at this potential positive steady
state, the prey biomass should be above the break-even level for al the predators
Vi, i=212,...,n.

We would like to point out that the assumption that the effects of interspecific
competition are negligible is commonly assumed in the literature (Armstrong and
McGehee, 1980; Li and Smith, 2002). This may happen when species form tight
groups or colonies, such as bees and ants. Nevertheless, this constitutes a
highly idealized assumption, as most species will inevitably endure some levels
of interspecific competition.

For the convenience of studying the global dynamics of model (3.1) when it
has no positive steady state, we number the predators in a strict ascending order
according to their break-even prey biomasses, that is

¥ <xby, 1=12..,n-1
Let
rK+KY pam?
= KK pdAm (34)
r+K>yi_,pam
Since x? < K, weseethat K > x; > xP. If for somei € {1,2,...,n— 1}, xP <

X < xP; then itis easy to show that x* ; < x}’Hforj >i,je{l,2...,n—1}.
Let

Xnp1 = K. (3.5)

Then thereisa unique positive integer | € {1, 2, ..., n} such that

X <X < x2q (3.6)



Biodiversity and I ntraspecific Competition 507

16 - Stable coexistence of four consumers on one resource for (3.1)
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Figure 3. A solution of (3.1) withn = 4,r = 5K = 25p1 = 1, p» = 2 p3
15 pg = 1.8,dy = 2,dp = 1,d3 = 1.8,d4 = 1.5,m; = 0.7, mp = 0.81, m3
091, mg=1,¢1 =3,¢c=1,¢3=2,¢4 = 1L5andinitid condition (0.2, 1, 0.8, 0.6, 0.4).
This solution tends to the globally stable positive steady state E*.

Figure 3 illustrates a solution of model (3.1) with n = 4 which clearly tendsto a
globally stable positive steady state E*.

It is well known that al positive solutions of model (3.1) tend to the positive
steady state (if it exists) or some unique boundary steady state (Case and Casten,
1979). However, it is not known which of the numerous boundary steady states
(about 2" of them) may serve as the globa attractor. The following theorem
answers this question and provides an almost complete description of the global
qualitative dynamics of model (3.1). The only exceptions are the more tedious
degenerate cases that occur with zero probability.

Theorem 3.1. Assume that in (31), x> < Xx%;, i = 1,2,...,n—1and
X <X <xg,le{l2. ... nLet
X=Xy =max{0, (G pix" —di)/mi}.

Then the nonnegative steady state E* = (x*, y7, ..., y;) of system (3.1) isglobally
attractive (i.e., all positive solutions tend to E*).

Theorem 3.1 implies that a necessary and sufficient condition for the existence
of a positive steady state E* in (3.1) is x* > Xy (=x?). Theorem 3.1 states that
solutions of (3.1) tend to a single nonnegative steady state E* = (x*, y*). Hence,
no paradox of enrichment (Rosenzweig, 1971) is possible for (3.1). For conve-
nience, we cal the prey component value at steady state E* the system-wide prey
equilibrium biomass of (3.1). Consumer y; persists if and only if its break-even
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prey biomass is less than the system-wide prey equilibrium biomass of (3.1). The
following are some important and direct biological implications of Theorem 3.1.

1. Increasing patch size or quality (mediated by the carrying capacity K) and/or

resource growth rate will increase x]“, j =1, ...,nand hence x*, whichin
turn increases the likelihood that a given consumer species may persist on
the resource.

2. If an invading predator has a break-even prey biomass greater than the
system prey equilibrium biomass of (3.1), then the invasion will fail. On the
other hand, if its break-even prey biomass is less than the system-wide prey
equilibrium biomass of (3.1), then it will successfully invade. Theorem 3.1
confirmsthe conventional notion that the predator’s break-even prey biomass
isakey measurement of its competitiveness. If predator A has alower break-
even prey biomass then predator B, then predator A is more competitive in
the sense that if predator B persists, so will be predator A. However, the
CEP no longer holds because predator A can coexist with predator B if the
resource has alarger carrying capacity.

3. A successful invasion may cause the extinction of some resident predator
species. This would occur if the invasion lowers the system-wide prey
equilibrium biomass for (3.1). This can render the reduced system-wide
prey equilibrium biomass lower than some resident predators break even
prey biomasses and hence drive them to extinction.

4. Once the system-wide prey equilibrium biomass x* is known, we can use it
to estimate the growth rate (doubling time) or extinction rate (half-life) of
a consumer species. For example, assume that for consumer species vy, its
break-even prey biomass x° satisfies x® > x*. Assume further that al the
populations are near the steady-state levels. Then y'(t) = c(p(x*) — p(x®))y
which implies that y(t) = y(0) exp —c(p(x°) — p(x*))t. This gives a half-
life of

T - In2 .
c(p(xP) — p(x*))

Figure 4 illustrates some of the implications of Theorem 3.1.

One less obvious but rather important and interesting observation from the proof
of Theorem 3.1 is that Theorem 3.1 applies even if some of the consumers lack
a direct self-interference mechanism. If such predators exist, then there is one,
say y, with the smallest bresk-even prey biomass x°. It can be shown that all
those self-interfering predators with bresk-even prey biomasses greater than x°
will be eliminated by predator y. However, given a sufficiently large resource
carrying capacity and/or a sufficiently high resource growth rate, predators with
self-interference mechanisms, but lower break-even prey biomasses, may coexist
with predator y. That is, there is a trade-off between the self-interference and
break-even prey biomass that alows coexistence. Moreover, whenever y persists,
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(@) someisoclines for r=2, K=5 (b) Two predators persist on one prey

0 1 2 3 4 5 6 7 8 9 10

(€) someisoclines for r=2, K=10

0 1 2 3 4 5 6 7 8 9 10

(€) someisoclinesfor r=4, K=5

Figure4. Inmodel (3.1), weassumethatr =2, K =5 p1 =1, pp=1p3=2,d; =
1,dp=2d3=25m =2,my=1m3=0.25c¢, =1 =1 c3=05andaninitia
condition (x(0), y1(0), y2(0), y3(0)) = (0.2, 1, 0.8, 0.6). The dotted lineisx = x}‘. For
this set of parameters, we have xtlj =1, xg = 2, xg = 2.5. Since xg > x’2k (a), by
Theorem 3.1, predator y3 dies out (b). When we double the patch sizeto K = 10, we then

have xg < X5 (€), and as aresuilt predator y3 persists (d). Alternatively, if we double the

resource growth ratetor = 4, we also have xg < X3 (€), and hence predator y3 persists (f).

its break-even prey biomass xP defines the system-wide prey equilibrium biomass
x* (i.e., xP = x*). A simple example of thisisillustrated by Fig. 5.
In the extreme case of identical predator species, we have

d=d, m=mj, c=g, p=p, i=12...,n.

In which case, x° = d/(cp) = %o and

*

_ rK+Knpdm™  mKr + xKnp®c
 r+KnpZem!  mr4+Knpk
So, X* > Xo = d/(cp) if and only if K > Xo. Thiswill yield aglobaly attractive
positive steady state. This leads us to suggest that when direct predator self-inter-

ference exists, predator species are likely to coexist on a single limited resource
even if they are very similar. This contrasts with, but does not contradict, previous
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Figure 5. Inmodel (3.1), weassumethatr =2, K =5 p1 =1, pp =1, p3 =2,d; =
1,dr=2,d3=22m =2,my=0,m3=0.25c¢, =1 ¢ =1 ¢c3=05andaninitia
condition (x(0), y1(0), y2(0), y3(0)) = (0.2, 1,0.8,0.6). The dotted lineisx = XI. For
this set of parameters, we have xkl) =1, xg =2, xg = 2.2. Predator y, eliminates predator
y3 because y, hasalower break-even prey biomass and does not experience self-limitation.
However, y, can coexist with y1 because of the trade-off between break-even prey biomass
and self-interference. Note that in this case, the system-wide prey equilibrium biomass x*
issimply xb.

findings [Abrams (1983), May (2001), based on models without intraspecific
consumer interference] that for consumer species to coexist on a single resource,
they must be sufficiently different. The absence of contradiction stems from
the fact that our model explicitly assumed that the only predator interference
is intraspecific, an assumption that should fail to hold if consumer species are
too similar. Therefore, direct self-interference provides a simple mechanism for
similar species to coexist without resorting to externa factors such as spatial and
temporal heterogeneities (Loreau and DeAngelis, 1997).
Let

Q =max{p?c/m |i =1,2,...,n}, g =min{p’c/mi [i =1,2,...,n}.

Recall that a sufficient condition for the existence of positive steady state E* is
X* > Xum. Since
- Kr +nKgxm

r+nKQ °’

*

we seethat X* > xy if

r (1— X—M) > N(QXm — gQXm)N = < 7“1_ Xu/K) (3.7

K QXM — OXm

In order to have the above inequality hold, it is desirable to have large values
ofr, Kandm,i = 1,2,...,n, and smal values of n, P — p and Xy — Xm.
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Although this confirms the conventional notion and field observations that patch
size is positively correlated to biodiversity, we see that the resource growth rate is
amost proportional to the maximum number of species that a given resource can
support. This suggests that resource growth rates also play key roles in promoting
coexistence of consumer species. Simulation work indicates that this property is
preserved in more general models (Fig. 4). Thisfinding complements the statement
made by Lehman and Tilman (2000) that greater diversity increases community
productivity. Observe that if the direct interference strength constants m; are small,
then (3.7) fails. This supports the notion that direct interference is vital for the
coexistence of some consumers.

4. DISCUSSION

In this paper, we made an attempt toward modeling and anayzing simple
communities of several predators competing for a single prey. The novel aspect
of our model isthe incorporation of direct intraspecific competition at the predator
trophic level, that is, predator self-interference. Although such interference may
or may not be present when predator densities are low (Rosenzweig et al., 1997),
it is prevalent when the densities are high. This direct self-interference appears
to provide a smple and powerful mechanism that enables the stable coexistence
of many predators on a single homogeneous resource. Specificaly, we show
that in theory, a single resource can sustain simultaneously an unlimited number
of different predator species if al these species have a strong self-interference
mechanism and satisfy some other generic conditions.

How do our results relate to the CEP? In particular, does the interference among
and within species provide additiona ‘limiting factors' defined in Levin (1970)?
The answer is not always confirmative. For example, in model (2.1) the number of
‘limiting factors' isn + 1 with or without interference (i.e., whether m; j or m; are
zero or not). The reason is that Levin's argument requires the per-capita growth
rates of species to be linear (or to be of specia type) functions of limiting factors.
In model (2.1), nonlinear functional responses of the consumers, p; (x), already
equate the number of ‘limiting factors' with the number species. On the other hand,
model (3.1) has linear functional responses of the consumers. Without the self-
interference, the minimum number of limiting factors is 2. The self-interference
of each consumer may indeed add a new ‘limiting factor’. With al consumers
exhibiting self-interference, model (3.1) hasn + 1 ‘limiting factors'.

We would like to stress that Theorem 2.1 allows nonlinear self-interference, and
moreover, we will comment below that consumers with and without self-interfere-
nce may coexist simultaneously for the linear case as assumed in Theorem 3.1.

Our most interesting results are Theorem 3.1 and its implications. Although
Theorem 3.1 is established for model (3.1), most of its important biologica
implications should remain true for mode (2.1) for the most popular choices of
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(@) Stable coexistence of four consumers (r=2, K=4) (b) stable coexistence of only two consumers (r=1, K=4)
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Figure 6. Solutions of (2.1) with g(x) = 1 — x/K and pj(x) = pix/(1 + &Xx),
i =212...,n. Heen=4,p1 =1, pp =2, p3 =15 ps = 18,d; = 12,dp =
1,d3 =18d4 =15m; =031, my =041, mg = 051, mg = 0.61,¢c; = 3,¢p =
l,c3=2c4 =15a = 10,ap = 1.12,a3 = 0.96,a4 = 0.98, r and K varies, and
initial condition (0.2, 1, 0.8, 0.6, 0.4). This figure shows that (1) as the resource growth
rates decreases, the number of coexistence consumers a so declines; (2) when the carrying
capacity increases, the solution becomes more oscillatory.

functions and parameters. Figure 6illustratesthisvividly. Themodel usedinFig. 6
isaBazykin type model with four predators competing for asingle prey. When the
prey growth rate is halved, the number of coexisting predators is halved as well.
Further halving the prey growth rate removes one additional predator so that only
one predator remains. However, for this model, the paradox of enrichment holds
true. Doubling the resource’s carrying capacity in this particular example induces
oscillations in al populations, a result similar to what occurs for the classica
Holling type |l predator—prey model.

For model (3.1), if interspecific competition occurs among some of the compe-
ting species, then aslong as the intraspecific competition of each speciesis stronger
than the combined interspecific competition originating from other species, then by
the proof of Theorem 3.1 and the essence of the proof of Theorem 2.1 [see also
Case and Casten (1979)], the system will continue to have a globally attractive
steady state (some species may be extinct at this steady state). However, in
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such cases, it is difficult to identify the losers (facing extinction) and the order of
winners as Theorem 3.1 managed to do for the special case when no interspecific
competition occurs for any consumer species. Mathematicaly, the nature of
global attractiveness of the steady state identified by Theorem 3.1 alows us to
say that when interspecific competition is very small in comparison to intraspecific
competition, then Theorem 3.1 can be used as an approximation to provide some
useful guidance in identifying consumer species in danger of extinction.

Recent work of Rosenzweig (1999, 2001) suggests that the number of species
sustainable by a given ecosystem is approximately proportional to its area. While
the simple formula (3.7) does not support such a statement, (3.7) suggests that
doubling the productivity of the resource may double the number of possible
coexisting predators. Conversely, if we shrink the carrying capacity, or reduce
the resource’s growth rate, we may suffer the loss of some predator species, with
those consumers lacking strong self-interference mechanisms suffering the most.

As with most work involving mathematical models, our results inevitably have
limitations and warrant more broad and in-depth study. First, our model dedas
with only one prey and the theorems are unlikely to hold in their current forms if
more than one prey is present. Second, the direct intraspecific interference, if it
exists, may not necessarily be linear as we postulated in our models (i.e., the m; y;
term). With suitable adjustments, we expect the key elements of these findings to
remain true for models dealing with multiple prey and multiple predator species
together with nonlinear intraspecific interference. In general, it is very difficult to
distinguish direct self-competition or self-interference in predators from indirectly
mediated interference in nature. Thus, strictly speaking, the models discussed
here provide only theoretical aternatives to the many models that treat the direct
or indirect intraspecific competition differently. It is fair to say however that
this simple treatment of direct intraspecific competition captures the essence of
observed negative correlations between conspecific population density and con-
sumer per-capita growth rate. Most importantly, it allows us to examine the strong
linkages among notions of biodiversity, resource growth rates and habitat area.
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APPENDI X

Proof of Theorem 2.1. We assume that (2.1) has the positive steady state
E* = (x*,y)anda > 0. Let pi = p{(x*). Then the variational system of (2.1)
a E*is

X'(1) = —a(x = X*) = > XY — ¥,
=1 n (A1)
YD) = VG P — X — My — Y — )My Yy — Y.
j#
Consider

n
VX, y) = (X =x)2 4+ Y @G Pry) TR X — )2
i=1
Then its derivative along any solution of (A.1) is

A= d—V(X(t) ()
~ dt Y

n *
- _2 |:O[(X _ X*)Z + Z m| pl (i( )(y| _ yl>|<)2
(A1) — Gb

n (X" . n .
+ pc( *)(yy)zmj(yjyj)]
i GP j#i

Using the simple fact that 2(yi — y7)(y; — ¥§) < (%i — ¥)? + (y; — y})? wehave

A<— |:201(X — X*)2 + Z (pé(;:) <2mi — Zmij)

i=1 j£i

j#
Clearly ZX(x(t), y(t)la.yy = 0if and only if (x(t), y(t)) = E*. This shows
that V(x,y) is a Lyapunov function (Hae, 1980) for (A.1) and the theorem
follows. O

Proof of Theorem 3.1. Observe first that E* = (x*, y5, ...,y isindeed a
nonnegative steady state of (3.1) withy* > 0 forl <i <| andy =0 fori > I.
Then

I n
" =X[_“/K)(X‘X*>—Zpi<yi —¥) - Y iy —yi*>]
i=1 i=l+1
x(0) > 0, (A.2)
Vi) = ileip (X =X = mi(y — ) — il
yi(0) > 0,
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whered; = 0forl <i <l and 8§ = —¢ p (X* — xib) > Ofori > |. Consider
n
VX, y) =X =X =x*"Inx+ Y ¢y — v =y Iny).
i=1
Then its derivative along any solution of (3.1) is

r n n
== [R(X =X et —y)2+ ) Ci5iyi:|

i=1 i=l+1

v (x(®), y®)
dt ' @D

<0.

Clearly 2X(x(t), y(t))l3y = 0 if and only if (x(t), y(t)) = E*. This shows
that V (x, y) is a Lyapunov function for (3.1) and the conclusion of the theorem
follows. [
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